ABSTRACT An effective method is proposed to solve the group decision-making problems with uncertain multiplicative linguistic information. First, to compare two uncertain multiplicative linguistic variables, a possibility degree formula is introduced in accordance with the operation laws. Some desirable properties of possibility degree are provided. Then, the uncertain multiplicative linguistic hybrid weighted geometric averaging (ULHWG) operator is developed to aggregate uncertain multiplicative linguistic variables into an overall preference value. Thus, a comprehensive algorithm for linguistic group decision-making is proposed based on the deviation measure and the ULHWG operator. Finally, a numerical example is provided to illustrate the practicality and validity of the proposed method.
I. INTRODUCTION
Multiple attribute decision making has been receiving more and more attention over the last decades as an important research area in classical decision theory [1] - [8] . It is very natural and intuitional to evaluate the attributes by using some linguistic terms. For example, linguistic terms like ''high'', ''very high'' and ''low'' may be used when we evaluate the temperature, and linguistic terms like ''fast'', '' slow'' and ''extremely slow'' may be used when we describe the running speed of a computer. There are many types of linguistic label sets have been proposed in the existing literature. The two main types linguistic label sets are introduced by Herrera and Xu called the additive linguistic label set [9] , [10] and the multiplicative linguistic label set [11] , respectively. Multiplicative linguistic label sets are very suitable for dealing with the practical problems of economic analysis [11] , educational assessment [12] and information recovery [13] . To aggregate the decision information in the form of multiplicative linguistic variables, many aggregation operators are proposed based on the multiplicative linguistic label sets and their operational laws, such as the linguistic ordered weighted geometric averaging (LOWG) operator [10] , the linguistic hybrid geometric averaging (LHG) operator [14] , the generalized induced linguistic ordered weighted geometric averaging (GILOWG) operator [15] , the uncertain linguistic weighted geometric averaging (ULWG) operator [11] , the uncertain linguistic ordered weighted geometric averaging (ULOWG) operator [11] , the induced uncertain linguistic ordered weighted geometric averaging (IULOWG) operator [11] , and so on. Furthermore, Wei [16] proposed the uncertain linguistic hybrid geometric averaging (ULHG) operator combined the advantages of the ULWG operator and the ULOWG operator. The ULHG operator considers both the ordered position and importance of the given multiplicative linguistic variables. However, it fail in some essential properties of idempotent and boundary. Therefore, an effective hybrid aggregation operator is provided in this paper to overcome the above drawbacks of the ULHG operator.
Due to the increasing vagueness and complexity of the real world, it is less possible to consider all related aspects of decision making problems by a single decision maker. In fact, many decision making processes take place in group settings. A number of literatures have recently investigated group decision making under linguistic environment [17] - [24] . Xu and Da [25] proposed two methods named standard deviation method and mean deviation method to determine the optimal weighting vector. The method is based on the idea that the attribute with a smaller deviation value among alternatives should be assigned a small weight. Herrera et al. [9] developed a direct approach to group decision making using linguistic OWA operators. Wei [26] considered multiple attribute group decision-making problems with linguistic information of attribute values and weight values. Fan and Liu [27] gave a formula for transforming multi-granularity uncertain linguistic terms into trapezoidal fuzzy numbers. Chen and Ben-Arieh [28] provided a simple method to combine the information assessed in different linguistic sets. Zhang et al. [29] studied the incomplete 2-tuple fuzzy linguistic preference relations in multi-granular linguistic decision making with unknown weight information. Li et al. [30] developed a new decision-making method based on dominance degree and BWM with probabilistic hesitant fuzzy information. Luo et al. [31] proposed the group decisionmaking approach with probabilistic linguistic preference relations. Nevertheless, the group decision-making problems with uncertain multiplicative linguistic information are seldom discussed. In this paper, a novel method is proposed to solve the group decision making problem with uncertain multiplicative linguistic information. Firstly, a possibility degree formula is introduced in accordance with the operation laws to compare two uncertain multiplicative linguistic variables. Then, the uncertain multiplicative linguistic hybrid weighted geometric averaging (ULHWG) operator is developed. Some desirable properties of the ULHWG operator are provided. An effective algorithm for linguistic group decision making is proposed based on the deviation measure and ULHWG operator. Finally, the proposed method is applied to information system selection to illustrate its applicability and effectiveness.
The paper is organized as follows. Section 2 introduces some basic concepts of uncertain multiplicative linguistic variables. In section 3, a ranking formula of uncertain multiplicative linguistic variables is proposed. Section 4 introduced the uncertain multiplicative linguistic hybrid weighted geometric averaging operator. In Section 5, an approach to multiple attribute group decision making under uncertain multiplicative linguistic environment is developed. Section 6 provides a numerical example to demonstrate the practicality and validity of the proposed methods. The paper is concluded in Section 7.
II. BASIC CONCEPTS OF UNCERTAIN MULTIPLICATIVE LINGUISTIC VARIABLES
In the following, some basic concepts and operational laws on uncertain multiplicative linguistic variables are introduced. In order to preserve all the information in the process of information aggregation, Xu [11] extended the discrete label set S to a continuous label set
If s α ∈ S, then s α is called an original linguistic term, if s α ∈ S and s α ∈S, then s α is called a virtual linguistic term. Xu [11] pointed out that the original linguistic terms is utilized to evaluate alternatives by decision maker, and the virtual linguistic terms can only appear in the result of operations.
Due to the complexity and vagueness of knowledge, the evaluation of alternatives may between two linguistic terms. Therefore, Xu [11] 
. Let S be the set of uncertain multiplicative linguistic variables. ∀ a ∈ S, then the lower indices [10] , [11] 
, then the degree of possibility of s 1 ≥ s 2 is defined as
It can be shown that 0 ≤ p( s 1 ≥ s 2 ) ≤ 1, and if p( s 1 ≥ s 2 ) ≥ 0.5 then s 1 is said to be superior to s 2 .
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It is important to aggregate uncertain multiplicative linguistic variables into an overall uncertain multiplicative linguistic variable in multiple attribute decision making. To do this, Xu [11] investigated the uncertain multiplicative linguistic weighted geometric mean (ULWG) operator and the uncertain multiplicative linguistic ordered weighted geometric mean (ULOWG) operator, shown as follows:
Definition 3: An ULWG operator of dimension n is a mapping ULWG: S n → S, according to the following formula:
where 
where r j is the jth largest of the s 1 , s 2 , · · · , s n , the ranking order of s i (i = 1, 2, · · · , n) can be determined by using formula (1).
Remark 5:
The associated weighting vector W = (w 1 , w 2 , · · · , w n ) T can be obtained by using the following Basic unit-interval monotonic (BUM) function [32] :
where
with a, b, r ∈ [0, 1], and (a, b) should be selected by decision maker with some fuzzy linguistic quantifiers, such as ''at least half'' with the pair (0,0.5), ''more'' with the pair (0.3,0.8), ''as many as possible'' with the pair (0.5,1), and so on.
III. RANKING OF UNCERTAIN MULTIPLICATIVE LINGUISTIC VARIABLES
In order to overcome some drawbacks of formula Eq. (1), in what follows, an effective formula for ranking uncertain multiplicative linguistic variables is proposed.
be two uncertain multiplicative linguistic variables, then the degree of possibility of s 1 ≥ s 2 is defined as (6) , as shown at the top of the next page If p( s 1 ≥ s 2 ) ≥ 0.5, then s 1 is said to be superior to s 2 . Obviously, the degree of possibility of s 2 ≥ s 1 can be further written as
Let 
, which is not accord with the original assumption. After that, the situation α 2 < β 1 is only considered.
If α 2 < β 1 and β 2 > α 1 , it follows that
Here we have α 2 ≤ β 2 ≤ α 1 ≤ β 1 , so we also get
In sum, the property is proved.
Therefore, the property is proved. By Eq. (1), p( s 1 ≥ s 2 ) = 0.5 if and only if
However, arithmetical mean of the end points is not in accordance with the operation laws of uncertain multiplicative linguistic variables. Property 9 shows that compare two uncertain multiplicative linguistic variables is equal to compare the geometric mean of the corresponding end points. With help of the Property 10, a complete ranking order for uncertain multiplicative linguistic variables is determined.
IV. THE UNCERTAIN MULTIPLICATIVE LINGUISTIC HYBRID WEIGHTED GEOMETRIC AVERAGING OPERATOR
Xu [33] developed the ULHG operator by combing the ULWG operator and the ULOWG operator, shown as follows:
Definition 11: An ULHG operator of dimension n is a mapping ULHG: S n → S, defined by an associated weighting
w i ∈ [0, 1], according to the following formula:
where s β j is the jth largest element of the weighted arguments s 
, and 
Theorem 13:
The ULWG operator is a special case of the ULHWG operator.
Proof:
Therefore, the theorem is proved.
Theorem 14:
The ULOWG operator is a special case of the ULHWG operator.
n ) Therefore, the theorem is proved. It is must be pointed out that the ULHWG operator extended both the ULWG operator and ULOWG operator, and has the following desired properties.
Theorem 15 (Boundary):
=s In sum, the proof of theorem is complete. 
Theorem 16 (Monotonicity):
∀ a i , b i ∈ S (i = 1, 2, · · · , n) with a i ≤ b i . If ∃ a permutation σ : {1, 2, · · · , n} → {1, 2, · · · , n} such that a σ (i) > a σ (i+1) and b σ (i) > b σ (i+1) (i = 1, 2, · · · , n − 1), then ULHWG λ,W ( a 1 , a 2 , · · · , a n ) ≤ ULHWG λ,W ( b 1 , b 2 , · · · , b n ). Proof: Since a i ≤ b i (i = 1, 2, · · · , n), a σ (i) > a σ (i+1) and b σ (i) > b σ (i+1) for all i = 1, 2, · · · , n − 1, from Eq. (9), we have ULHWG λ,W ( a 1 , a 2 , · · · , a n ) = ( a σ (1) ) λ σ (1) w 1 n i=1 λ σ (1) w 1 ( a σ (2) ) λ σ (2) w 2 n i=1 λ σ (2) w 2 · · · ( a σ (n) ) λ σ (n) wn n i=1 λ σ (n) wn ≤ ( b σ (1) ) λ σ (1) w 1 n i=1 λ σ (1) w 1 ( b σ (2) ) λ σ (2) w 2 n i=1 λ σ (2) w 2 · · · ( b σ (n) ) λ σ (n) wn n i=1 λ σ (n) wn = ULHWG λ,W ( b 1 , b 2 , · · · , b n ). Theorem 17 (Idempotency): Let s i , s ∈ S, if s i = s (i = 1, 2, · · · , n), then ULHWG λ,W ( s 1 , s 2 , · · · , s n ) = s Proof: Suppose s i = s (i = 1, 2, · · · , n), we have ULHWG λ,W ( s 1 , s 2 , · · · , s n ) = s θ 1 σ (1) s θ 2 σ (2) · · · s θ n σ (n) = s θ 1 s θ 2 · · · s θ n = s n i=1 θ i = s.
V. AN APPROACH TO MULTIPLE ATTRIBUTE GROUP DECISION MAKING UNDER UNCERTAIN MULTIPLICATIVE LINGUISTIC ENVIRONMENT
With respect to multiple attribute group decision making problems with uncertain multiplicative linguistic information. Let G = {g 1 , g 2 , · · · , g m } be a finite set of alternatives, and U = {u 1 , u 2 , · · · , u n } be the set of attributes, the weight vector of U is ρ = (ρ 1 , ρ 2 , · · · , ρ n ) T with ρ i ∈ [0, 1] and N i=1 ρ i = 1. Let E = {e 1 , e 2 , · · · , e l } be the set of experts, and suppose A (k) = ( a (k) ij ) m×n is the uncertain multiplicative linguistic decision matrix given by the expert e k , where a
∈ S is an uncertain multiplicative linguistic preference value for alternative g i with respect to attribute u j (i = 1, 2, · · · , m; j = 1, 2, · · · , n; k = 1, 2, · · · , l).
A. DEVIATION MEASURE OF UNCERTAIN MULTIPLICATIVE LINGUISTIC DECISION MATRICES
Definition 18:
be two uncertain multiplicative linguistic variables, then the deviation degree between s 1 and s 2 is defined as follows (10), as shown at the top of the next page:
where 2t − 1 is the number of linguistic terms in the set S. The parameter δ can be regarded as the attitude of expertaŕs preference attitude towards risk, δ ∈ [0, 1].
The Eq. (10) can be further expressed as Proof:
Thus, the proof of theorem is complete.
Definition 20: Let A = ( a ij ) m×n and B = ( b ij ) m×n be two uncertain multiplicative linguistic decision matrices, where
, then deviation degree between A and B is defined as follows:
which can be further expressed as (13) , as shown at the top of the next page Eq. (13) can also be equivalently written as 
From Eq. (10), we get
Therefore, A = B.
In sum, the theorem 22 is proved.
B. A PROCEDURE TO OBTAIN THE WEIGHTS OF EXPERTS
It is very important to get the expert weights in multiple attribute group decision making, in the following, some simple and efficient formulas are developed to obtain the weighting vector of experts.
Definition 23:
ij ) m×n is an uncertain multiplicative linguistic decision matrix, then the overall expect deviation degree of A (k) compared with other decision matrices A (p) (p = 1, 2, · · · , l and p = k) is defined as (15) can be equivalently written as
. Proof: According to theorem 22, we have
Thus, we get
which can be equivalently written as (17) , as shown at the top of the next page.
The overall expect deviation degree D( A (k) ) reflects the difference between D( A (k) ) and other decision matrices D( A (p) ) (p = 1, 2, · · · , l). In general, the majority opinion should be emphasized. It is clear that the smaller the value of overall expect deviation degree D( A (k) ), the greater weight the kth expert has. So the weights of experts can be defined as
Obviously, we have λ k ∈ [0, 1] and
Eq. (16) can also be further expressed as Eq. (17).
Algorithm 1
Step1. Expert e k evaluates all attributes in U with alternatives
Step2. Utilize the uncertain multiplicative linguistic information in the matrix A (k) , the individual overall preference values is derived by ULWG operator as
Step3. According to expert s preference attitude, the parameter δ is selected. By Eqs. (16) and (17), the weighting vector
Step4. Select a fuzzy linguistic quantifier in accordance with the preference of decision maker, then the associated weighting vector W = (w 1 , w 2 , · · · , w l ) T is calculated by Eq. (4) and Eq.(5).
Step5. Use the ULHWG operator, the collective overall preference values V i is determined as
Step6. Ranking all the collective overall preference values V i (i = 1, 2, · · · , m) by using Eq.(6).
Step7. Ranking alternatives g 1 , g 2 , · · · , g m and select the best one in accordance with the ranking of
Step8. End.
C. A COMPREHENSIVE ALGORITHM FOR LINGUISTIC GROUP DECISION MAKING
Based on the above analysis, in the following, we shall utilize the deviation measure and aggregation operators to develop a valid algorithm to multiple attribute group decision making.
In next section, a practical example will be utilized to illustrate the application of the developed method.
VI. THE APPLICATION OF PROPOSED METHOD TO INFORMATION SYSTEM SELECTION
Let us suppose there is a company, which wants to purchase an information system in the best option. There is a panel with four possible information systems to be selected: g 1 , g 2 , g 3 , g 4 . The company must take a decision according to the following five attributes: u 1 (Price), u 2 (Operability), u 3 (Stability), u 4 (Intellectual property right), u 5 (Interface), the weighting vector of U = {u 1 , u 2 , · · · , u 5 } is ρ = (0.1, 0.25, 0.15, 0.3, 0. 2) T .
Step 1: Four alternative information systems g 1 , g 2 , g 3 , g 4 are to be evaluated using the label set: 
Step 2: Utilize the uncertain multiplicative linguistic information in the matrix A (1) , A (2) , and A (3) , the individual overall preference values is derived by ULWG operator as Step 3: Assume that experts are neutral to risk, then the attitude parameter δ = 0.5 is selected. Form Eq.(15), we get Step 6: Ranking all the collective overall preference values V i (i = 1, 2, 3, 4) by using Eq. Step 7: The ranking of the priority of applicants is g 1 g 4 g 2 g 3 . Namely, the most desirable information system is g 1 .
VII. CONCLUSIONS
This paper introduced a new uncertain multiplicative linguistic hybrid weighted geometric averaging (ULHWG) operator and a possibility degree formula to overcome the drawback in the existed reference. Based on the proposed operators and deviation measure, a valid algorithm for linguistic group decision making is proposed. To illustrate the application of the proposed method, an practical example is employed to information system selection. The main advantages of this paper are shown as follows:
(1) The ULHWG operator considers both the ordered position and importance of uncertain multiplicative linguistic variables, and helps us to overcome some drawbacks of the existing operators.
(2) A possibility degree formula for ranking uncertain multiplicative linguistic variables is proposed based on geometric mean of the end points, which is consistent with the characteristics of multiplicative linguistic label set.
(3) The weights of experts are obtained based on deviation measure of uncertain multiplicative linguistic variables.
(4) A comprehensive algorithm is developed to solve the group decision making problem with linguistic setting.
In the future, we shall continue working in the extension and application of the developed method to other domains, such as traffic control, energy evaluation and environmental assessment.
